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Let D ⊆ E be an extension of integral domains, Γ be a nonzero
torsion-free (additive) grading monoid with quotient group G such
that Γ ∩ −Γ = {0}. Set Γ ∗ = Γ \ {0} and R = D + E[Γ ∗]. In this
paper, we show that if G satisﬁes the ascending chain condition
on cyclic subgroups, then R is a generalized Krull domain (resp.,
generalized unique factorization domain) if and only if D = E , D is
a generalized Krull domain (resp., generalized unique factorization
domain) and Γ is a generalized Krull semigroup (resp., weakly
factorial GCD-semigroup).
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0. Introduction
Throughout this paper, we always assume that D ⊆ E is an extension of integral domains, K is
the quotient ﬁeld of D , X is an indeterminate over E , Γ is a nonzero torsion-free (additive) grading
monoid with Γ ∩−Γ = {0}, Γ ∗ = Γ \{0}, G is the quotient group of Γ , D[Γ ] is the semigroup ring of
Γ over D and R = D + E[Γ ∗] = { f ∈ E[Γ ] | f (0) ∈ D} is the composite semigroup ring. In this article,
we completely characterize when the domain R is a generalized Krull domain or a generalized unique
factorization domain. (Relevant deﬁnitions and notation are reviewed in the sequel.) In fact, we show
that if G satisﬁes the ascending chain condition on cyclic subgroups (for short, ACCC), then R is a
generalized Krull domain (resp., generalized unique factorization domain) if and only if D = E , D is
a generalized Krull domain (resp., generalized unique factorization domain) and Γ is a generalized
Krull semigroup (resp., weakly factorial GCD-semigroup). This is motivated by the following two facts:
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semigroup and G satisﬁes ACCC.
(2) [G1, Theorem 14.16] D[Γ ] is a UFD if and only if D is a UFD, Γ is a factorial monoid and Γ
satisﬁes the ascending chain condition on cyclic submonoids.
We review some deﬁnitions and notation. Let F(D) denote the set of nonzero fractional ideals
of D . For each I ∈ F(D), let I−1 = {x ∈ K | xI ⊆ D}, I v = (I−1)−1 and It =⋃{ J v | J is a nonzero ﬁnitely
generated fractional subideal of I}. An I ∈ F(D) is said to be a v-ideal (resp., t-ideal) if I v = I (resp.,
It = I). A t-ideal M of D is called a maximal t-ideal if M is maximal among proper integral t-ideals
of D . It is well known that a maximal t-ideal of D always exists (by Zorn’s lemma) if D is not a ﬁeld;
a prime ideal minimal over a t-ideal is a t-ideal; a maximal t-ideal is a prime ideal; and each proper
integral t-ideal is contained in a maximal t-ideal [J]. We mean by the t-dimension of D , abbreviated
t-dim(D), the supremum of lengths of chains of prime t-ideals of D . Hence it is easy to see that
t-dim(D) = 1 if and only if each maximal t-ideal of D has height-one. An I ∈ F(D) is said to be
t-invertible if (II−1)t = D; equivalently, II−1  M for all maximal t-ideal M of D .
The t-class group of D is an abelian group Cl(D) = T (D)/Prin(D), where T (D) is the group of
t-invertible fractional t-ideals of D under the t-multiplication ∗, deﬁned as follows: I ∗ J = (I J )t ,
and Prin(D) is the subgroup of T (D) of principal fractional ideals of D . Recall that D is a GCD-
domain (resp., Prüfer v-multiplication domain (PvMD)) if for each 0 = a,b ∈ D , (a,b)v is principal (resp.,
t-invertible); D is a weakly factorial domain (WFD) if each nonzero nonunit of D can be written as a
ﬁnite product of primary elements; and D is a weakly Krull domain if D = ⋂P∈X1(D) DP and this
intersection has ﬁnite character, where X1(D) is the set of height-one prime ideals of D . A nonzero
nonunit q is said to be a prime quantum (plural, prime quanta) if q satisﬁes: (1) for every nonunit
r | q, there exists a positive integer m = m(r) such that q | rm , (2) for every integer n  1, if r | qn
and s | qn , then r | s or s | r, and (3) for each positive integer n, each element t with t | qn has the
property that if t | a1a2, then t = t1t2, where ti | ai , i = 1,2. Following [AAZ, p. 402], D is called a
generalized unique factorization domain (GUFD) if every nonzero nonunit of B is expressible as a ﬁnite
product of mutually coprime prime quanta. It was shown that D is a GUFD if and only if D is a
weakly factorial GCD-domain [AAZ, Theorem 7]. We call D a generalized Krull domain if there exists
a family F = {Vλ}λ∈Λ of (not necessarily discrete) essential rank-one valuation overrings of D such
that D =⋂λ∈Λ Vλ and this intersection has ﬁnite character. It is easy to see that D is a generalized
Krull domain if and only if D is a weakly Krull PvMD [AAZ2, p. 8]. Also, it is known that D is a
GCD-domain (resp., WFD) if and only if D is a PvMD (resp., weakly Krull domain) and Cl(D) = 0 [BZ,
Corollary 1.5] (resp., [AZ, Theorem]); so D is a GUFD if and only if D is a generalized Krull domain
and Cl(D) = 0.
We mean by a torsion-free grading monoid a commutative cancellative monoid Γ , written addi-
tively, with the property that nα = nβ for α,β ∈ Γ and n a positive integer implies α = β . It is
well known that such a type of monoid Γ admits a total order < which is compatible with its
semigroup operation [G1, Corollary 3.4] and D[Γ ] is an integral domain [G1, Theorem 8.1]. More-
over, since Γ ∩ −Γ = {0}, we may assume that α  0 for all α ∈ Γ [G1, Corollary 3.3]. Hence each
f ∈ D[Γ ] is uniquely expressible in the form f = a1Xα1 + · · · + ak Xαk , where ai ∈ D and αi ∈ Γ
with α1 < · · · < αk . Let R = D + E[Γ ∗]. Then R = { f ∈ E[Γ ] | f (0) ∈ D}; so D[Γ ] ⊆ R ⊆ E[Γ ] and
R ∩ K = D . (Note that if Γ ∩ −Γ = {0}, then R = D[Γ ]. (For if 0 = γ ∈ Γ ∩ −Γ , then γ = −β
for some β ∈ Γ ∗; so e = (eXγ )Xβ ∈ R for all e ∈ E , which indicates that D = E .) Hence we as-
sume that Γ ∩ −Γ = {0}.) As in the integral domain case, we can deﬁne the v-, t-operations on Γ ,
t-class group of Γ , GCD-semigroups, Prüfer v-multiplication semigroups (PvMS), weakly factorial
semigroups and generalized Krull semigroups. For more on semigroups, the readers can refer to [G1]
and [H].
1. Main results
We start this section with a characterization of PvMDs and GCD-domains via R = D + E[Γ ∗] when
E ∩ K = D .
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(1) R is a PvMD if and only if D = E, D is a PvMD and Γ is a PvMS.
(2) R is a GCD-domain if and only if D = E, D is a GCD-domain and Γ is a GCD-semigroup.
In particular, if D is a ﬁeld, then R is a PvMD (resp., GCD-domain) if and only if D = E and Γ is a PvMS
(resp., GCD-semigroup).
Proof. (1) Suppose to the contrary that D  E . Let e ∈ E \ D and let f ∈ eR ∩ R . Then f = e(d1 + g1) =
d2 + g2 for some d1,d2 ∈ D and g1, g2 ∈ E[Γ ∗]. If d1 = 0, then e = d2d1 ∈ E ∩ K = D , which contradicts
the choice of e. Therefore d1 = d2 = 0. Hence f ∈ eE[Γ ∗]. Since the inclusion eE[Γ ∗] ⊆ eR ∩ R is
obvious, we have eE[Γ ∗] = eR ∩ R . Note that a PvMD is v-coherent [FG, p. 828]; so eR ∩ R is v-
ﬁnite. Therefore eE[Γ ∗] is t-invertible, and hence (eE[Γ ∗] : eE[Γ ∗]) = R [KE, Lemma 2.3]. But E[Γ ] ⊆
(eE[Γ ∗] : eE[Γ ∗]); so E ⊆ D , which is absurd. Hence we have D = E , which implies that D[Γ ] is a
PvMD. Thus D is a PvMD and Γ is a PvMS [AA, Proposition 6.5]. The converse also follows directly
from [AA, Proposition 6.5].
(2) If R is a GCD-domain, then D = E by (1); so D[Γ ] is a GCD-domain. Thus D is a GCD-
domain and Γ is a GCD-semigroup [G1, Theorem 14.1]. The reverse implication appears in [G1,
Theorem 14.5]. 
The next lemma gives a necessary and suﬃcient condition for E[Γ ∗] to be a maximal t-ideal of R
when D  E .
Lemma 1.2. Assume that D  E. If E[Γ ∗] is a t-ideal of R, then E[Γ ∗] is a maximal t-ideal of R if and only if
E ∩ K = D.
Proof. (⇒) Assume that E[Γ ∗] is a maximal t-ideal of R , and suppose to the contrary that E ∩ K
properly contains D . Let rs ∈ (E ∩ K ) \ D , where 0 = s, r ∈ D . Then rs (sD + E[Γ ∗]) ⊆ R; so rs ∈ (sD +
E[Γ ∗])−1 \ R . Since E[Γ ∗] is a t-ideal of R , we have E[Γ ∗]  (sD + E[Γ ∗])v  R . However, this is
absurd by the assumption. Thus E ∩ K = D .
(⇐) Assume that E ∩ K = D . Let 0 = a ∈ D and α ∈ Γ ∗ . We claim that (aD + E[Γ ∗])t = R . Since
(a, Xα) ⊆ aD+ E[Γ ∗], it suﬃces to show that (a, Xα)v = R; equivalently, (a, Xα)−1 = R . It is clear that
R ⊆ (a, Xα)−1. For the reverse inclusion, let f ∈ (a, Xα)−1. Then af ∈ R and f Xα ∈ R; so we have
f ∈ (K + ED\{0}
[
Γ ∗
])∩ E[G]
= (E ∩ K ) + E[Γ ∗]
= R.
Hence (a, Xα)v = R , which indicates that (aD+ E[Γ ∗])t = R . Thus E[Γ ∗] is a maximal t-ideal of R . 
Remark 1.3. In general, D[Γ ∗] is not a (maximal) t-ideal of D[Γ ]. For example, if Q is the ﬁeld
of rational numbers, N0 is the semigroup of nonnegative integers, Γ = N0 × N0 and X , Y are in-
determinates over Q, then it is easy to see that Γ is a nonzero torsion-free grading monoid and
(Q[Γ ∗])t =Q[X, Y ]. This means that Q[Γ ∗] is not a t-ideal of Q[X, Y ].
Recall that D[Γ ] is a Krull domain if and only if D is a Krull domain, Γ is a Krull semigroup
and G satisﬁes ACCC [G1, Theorem 15.6]. Also, we note that D[Γ ] is a UFD if and only if D is a
UFD, Γ is a factorial monoid and Γ satisﬁes the ascending chain condition on cyclic submonoids
[G1, Theorem 14.16]. The next lemma is a characterization of generalized Krull monoid domains and
generalized unique factorization monoid domains.
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(1) D[Γ ] is a generalized Krull domain if and only if D is a generalized Krull domain and Γ is a generalized
Krull semigroup.
(2) D[Γ ] is a GUFD if and only if D is a GUFD and Γ is a weakly factorial GCD-semigroup.
Proof. (1) Before proving the result, we note that D[Γ ] is a generalized Krull domain if and only
if D[G] is a generalized Krull domain and Γ is a generalized Krull semigroup [M3, Theorem 3, Sec-
tion 4]; a generalized Krull domain coincides with a weakly Krull PvMD; and D is a PvMD if and
only if D[G] is a PvMD [M1, Corollary 5.1.17 and Theorem 5.1.18].
(⇒) It suﬃces to show that D is a weakly Krull domain. Let P be a maximal t-ideal of D .
Then P D[G] is a prime t-ideal of D[G] [EIK, Corollary 2.4(1)]. Since D[G] is a weakly Krull domain,
t-dim(D[G]) = 1 [AMZ, Lemma 2.1]; so 1 htD(P ) htD[G](P D[G]) = 1. Hence htD(P ) = 1, and thus
D =⋂P∈X1(D) DP [K1, Proposition 2.9]. Let 0 = d ∈ D . If d belongs to inﬁnitely many height-one prime
ideals P of D , then d is also a member of P D[G] for inﬁnitely many height-one prime ideals P D[G]
of D[G]. This contradicts the fact that D[G] is a weakly Krull domain. Therefore the intersection
D =⋂P∈X1(D) DP has ﬁnite character, and thus D is a weakly Krull domain.
(⇐) We only need to show that D[G] is a weakly Krull domain.
Claim 1. If htD(P ) = 1, then htD[G](P D[G]) = 1.
If htD[G](P D[G]) 2, then there exists a nonzero prime ideal Q of D[G] such that Q  P D[G]. Let
g ∈ Q \ {0}. By shrinking Q to a minimal prime ideal over gD[G] [K3, Theorem 10], we may assume
that Q is minimal over gD[G], and hence Q is a prime t-ideal. Note that Q ∩ D = (0) because P ∈
X1(D). Hence Q K [G] = Q D\{0} , and so Q K [G] is a prime t-ideal of K [G] because Q D\{0} is minimal
over gK [G]. Since K [G] is a UFD [G1, Theorem 14.15], Q K [G] = f K [G] for some f ∈ K [G] \ {0} [K2,
Section 1]. Therefore we have
Q D\P = Q K [G] ∩ DP [G]
= f K [G] ∩ DP [G]
= f cDP ( f )−1[G],
where the ﬁnal equality follows from [M1, Proposition 5.1.3] and cDP ( f ) denotes the fractional ideal of
DP generated by the coeﬃcients of f . Since D is a PvMD, DP is a valuation domain [G2, Theorem 5]
(or [K1, Theorem 3.2]); so cDP ( f )
−1 is principal. Therefore Q D\P = f cDP ( f )−1[G] is a principal prime
ideal of DP [G], and hence Q D\P is a maximal t-ideal of DP [G] [HZ, Proposition 1.3]. However this
is impossible because Q D\P  P DP [G] and P DP [G] is a t-ideal of DP [G] [EIK, Lemma 2.3(5)]. Thus
P D[G] is a height-one prime ideal of D[G].
Claim 2.
⋂
P∈X1(D) D[G]P D[G] is a weakly Krull domain.
Let B =⋂P∈X1(D) D[G]P D[G] and let P = P D[G]P D[G] ∩ B for each P ∈ X1(D). Then BP = D[G]P D[G]
and P ∈ X1(B) by Claim 1. Hence B = ⋂P∈X1(B) BP . Let f ∈ D[G]. For all P ∈ X1(D), it is clear that
f ∈ P if and only if f ∈ P D[G], if and only if cD( f ) ⊆ P . Since D is a weakly Krull domain, there exist
only ﬁnitely many height-one prime ideals P of D containing cD( f ); so f belongs to only a ﬁnite
number of height-one prime ideals P D[G] of D[G]. Hence B =⋂P∈X1(B) BP also has ﬁnite character.
Thus B is a weakly Krull domain.
Note that B and K [G] share the same quotient ﬁeld. Since K [G] is a UFD, it is a weakly Krull
domain; so D[G] = B ∩ K [G] is also a weakly Krull domain.
(2) Recall that if G satisﬁes ACCC, then D[Γ ] is a WFD if and only if D is a GUFD and Γ is a
weakly factorial GCD-semigroup [C, Theorem 9]. Also, note that D[Γ ] is a GCD-domain if and only if
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immediately from these two equivalences and [AAZ, Theorem 7]. 
Remark 1.5. (1) In the proof of Lemma 1.4(2), we can easily see that if G satisﬁes ACCC, then D[Γ ] is
a WFD if and only if D[Γ ] is a GUFD.
(2) Recall that if K [Γ ] is integrally closed, then Cl(K [Γ ]) = Cl(Γ ) [EIK, Corollary 2.10]. We also
note that K [Γ ] is a GUFD if and only if K [Γ ] is a generalized Krull domain and Cl(K [Γ ]) = 0. Thus
by Lemma 1.4, if G satisﬁes ACCC, then Γ is a weakly factorial GCD-semigroup if and only if Γ is a
generalized Krull semigroup and Cl(Γ ) = 0.
(3) [M2, Remark 6, §10] Let p be a prime number, D = Z/(p) and G = { apn | a,n ∈ Z}. Then D[G] is
a generalized Krull domain but G does not satisfy ACCC. Hence D[G] being a generalized Krull domain
does not imply that G satisﬁes ACCC.
(4) Let D be a generalized Krull domain with char(D) = 0 and Γ be a generalized Krull semigroup.
Note that D[G] is a generalized Krull domain if and only if G satisﬁes ACCC [M2, Proposition 7, §10],
if and only if D[Γ ] is a generalized Krull domain [M3, Theorem 3, Section 4]. Thus the assumption
that G satisﬁes ACCC is essential in Lemma 1.4.
We next give the main result of this paper.
Theorem 1.6. If G satisﬁes ACCC, then the following statements hold.
(1) R is a generalized Krull domain if and only if D = E, D is a generalized Krull domain and Γ is a generalized
Krull semigroup.
(2) R is a GUFD if and only if D = E, D is a GUFD and Γ is a weakly factorial GCD-semigroup.
Proof. (1) (⇒) Assume that R is a generalized Krull domain. Then RD\{0} = K + ED\{0}[Γ ∗], and
hence K + ED\{0}[Γ ∗] is a PvMD [K1, Theorem 3.11]; so K = ED\{0} by Lemma 1.1(1). Therefore E
is an overring of D . Suppose that D  E . Note that E[Γ ] ⊆ (E[Γ ∗])−1, and since E[Γ ]  R , we have
R  (E[Γ ∗])−1; so (E[Γ ∗])v  R . We also note that in a PvMD, a nonzero prime ideal contained in a
maximal t-ideal is again a t-ideal (cf. [FGH, Corollary 1.6]). Hence E[Γ ∗] is a prime t-ideal of R . Since
R is a weakly Krull domain, t-dim(R) = 1 [AMZ, Lemma 2.1]; so E[Γ ∗] is a maximal t-ideal of R .
Therefore E ∩ K = D by Lemma 1.2, and hence E = E ∩ K = D . This contradicts the hypothesis. Thus
we have D = E . This means that D[Γ ] is a generalized Krull domain. Thus by Lemma 1.4(1), D is a
generalized Krull domain and Γ is a generalized Krull semigroup.
(⇐) This implication is an immediate consequence of Lemma 1.4(1).
(2) If R is a GUFD, then R is a generalized Krull domain; so D = E by (1). Hence D[Γ ] is a GUFD,
and thus D is a GUFD and Γ is a weakly factorial GCD-semigroup by Lemma 1.4(2). The converse also
follows from Lemma 1.4(2). 
Since Z, the additive group of integers, satisﬁes ACCC, by applying Γ = N0 to Theorem 1.6, we
have
Corollary 1.7. The following assertions hold.
(1) D + XE[X] is a generalized Krull domain if and only if D = E and D is a generalized Krull domain.
(2) D + XE[X] is a GUFD if and only if D = E and D is a GUFD.
Corollary 1.8. Assume that E is a ﬁeld. Then the following are equivalent.
(1) D + XE[X] is a GUFD.
(2) D + XE[X] is a generalized Krull domain.
(3) D = E.
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domains) that is not a generalized Krull domain (resp., GUFD).
Example 1.9. (1) Let D be a generalized Krull domain (resp., GUFD) that is not a ﬁeld. Then D +
XK [X] is a PvMD (resp., GCD-domain) [CKL, Corollary 3.8] (or [CMZ, Theorem 4.43] (resp., [CMZ,
Corollary 1.3])) which is not a generalized Krull domain (resp., GUFD) by Corollary 1.7.
(2) By Corollary 1.8, R+ XC[X] is neither a generalized Krull domain nor a GUFD.
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